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Abstract
Gravitational wave (GW) echoes, if they exist, would be a probe to the near-horizon quantum
structure of black hole (BH), which has motivated the searching for the echo signals in GW data.
We point out that the echo phenomenology related with the potential structure might be not so
simple as expected. In particular, if the near-horizon regime of BH is modelled as a multiple-
barriers filter, the late-time GW ringdown waveform will exhibit the mixing of echoes, even the
superpositions. As a result, the amplitudes of successive echoes might not drop sequentially.
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I. INTRODUCTION
The direct detections of the gravitational wave (GW) signals by the LIGO Scientific and
Virgo Collaborations have opened up a new window into the strong gravity regime [1, 2].
The GW signal of binary black holes (BHs) coalescences consists of the inspiral phase, the
merger phase and the ringdown phase. It is usually thought that the GW ringdown signal
is a powerful hint of the existence of BH horizon. However, Cardoso et al. have pointed out
that the ringdown waveform detected is related only with the light ring of the post-merger
object rather than the horizon [3], see [4] for a review. Thus although the GW events
observed are compatible with the BHs predicted in General Relativity (GR) [5, 6], it is still
possible that the new physics might present near the horizon [7, 8].
It is well-known that the BH based on GR suffered from the information paradox, which
has inspired the modification to GR BH, e.g.“firewalls”[9, 10],“fuzzy ball”[11]. Usually, in
such modifications, as well as in the alternatives to GR BH, e.g. gravastar[12, 13] (see also its
origin in early universe [14]), boson star[15–17], the Schwarzschild horizon may be replaced
by a reflective surface or barrier. It has been showed that if such a surface reflects GW, the
ringdown waveform of post-merger object is initially almost similar to the ringdown signal
of BH, but at late-time will show itself a series of “echoes” [3, 18–20]. see also [21–30] for
relevant explorations.
It has been widely thought that if they exist, the echoes would be the probes of quantum
gravity physics at the near-horizon regime, which has motivated the searching for the echo
signals in GW data [20, 31–33], see also recent progress [34–37]. It has been showed in
Refs.[26] that if the post-merger compact object is unstable, which is collapsing into a BH,
in the post-merger ringdown waveform the echo intervals will inevitably increase with the
time, see also [38]. Relevant studies enriched the echo phenomenology and helped to the
searching for the echo signals [37].
Actually, the echo waveforms related with the potential physics near the horizon might
be far complicated than expected. In a pioneer work, Bekenstein and Mukhanov [39, 40]
have pointed out that the area of BH horizon might be quantized A ∼ (integer)l2P (l
2
P is
the Planck area). As a result, the wavelength of GWs absorbed or emitted by a BH is also
quantized, see also [41]. Recently, in Ref.[42], Cardoso, Foit and Kleban have modelled the
near-horizon regime of such BHs as a filter consisting of a couple of reflective barriers, which
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just absorbs the GW with some frequencies and reflects the rest, and found that in the
post-merger ringdown waveform the echo signal will be distorted.
Inspired by Ref.[42], we will investigate the echo phenomenology of the BH with a
multiple-barriers filter at its near-horizon regime in details. In Sec.II, we model our BH
setup, and numerically show the ringdown waveforms of such post-merger BH. Besides the
echo signal is distorted, we observe that the mixing and superpositions of echoes also present.
As a result, the amplitudes of successive echoes might not drop sequentially. In Sec.III, with
the Dyson series method proposed by Correia and Cardoso [27], we analyse the corresponding
ringdown waveforms. And we conclude in Sec.IV
II. THE SETUP
A. Near-horizon (multiple) barriers
~e-iωx
xN x2 x1
· · ·
0
~Reiωx
FIG. 1: The near-horizon structure of BH in the setup of Sec.II. In the tortoise coordinate, the
right-most barrier is V BH(x) in (3), while the effective potential Veff (x) in (3) corresponds to a
set of barriers in the shadow region.
Inspired by Ref.[42], we model the (nonspining for simplicity) BH as such an object,
which obeys the Schwarzschild metric
ds2 = −Bdt2 +
dr2
B
+ r2dΩ2,
(
B = 1−
2M
r
)
(1)
at its radius r > r1, but at its near-horizon regime (2M < r < r1), where
r1
2M
− 1 ≪ 1, the
quantum effect of BH would bring the distinct structure, see Fig.1 plotted in the tortoise
coordinate x = r + 2M log( r
2M
− 1).
In the tortoise coordinate, the Regge-Wheeler equation for the axial gravitational per-
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turbation is [
−
∂2
∂t2
+
∂2
∂x2
− V (x)
]
Ψ(t, x) = 0, (2)
with
V (x) = V BHl (r(x)) + Veff(r(x)), (3)
where V BHl (r(x)) is the barrier V
BH
l (r) = B
[
l(l+1)
r2
+ (1−s
2)B′
r
]
but written in the tortoise
coordinate x, l > s is the multipolar index and s = 2 [43]. We refer V BHl (x) as the
potential barrier at the photon sphere, which is equivalent to that of GR BH. We have
put the unknown physics at the near-horizon regime of BH into Veff(x), which is either a
single reflective surface, or a complicated barrier, or a set of multiple barriers (equivalently,
a special boundary condition).
The ringdown burst incident towards the horizon will be reflected repeatedly between the
barrier Veff(x) and V
BH
l (x). Thus as has been pointed out in Refs.[3, 18] that the ringdown
waveform of post-merger BH will consist of the primary signal, almost similar to that of GR
BH, and a series of echoes. Generally, Veff(x) related with the potential physics might be
not a simple reflective surface, but a set of multiple barriers, as argued in Ref.[42]. Relevant
echo phenomenology has not yet been explored completely.
B. Waveforms of echoes
As an illustration, we will focus on the case with l = 2. Using the Laplace transform
Ψ˜(ω, x) =
∫∞
0
Ψ(t, x)eiωtdt [19], one rewrite Eq.(2) as[
∂2
∂x2
+ ω2 − V (x)
]
Ψ˜(ω, x) = I, (4)
with I(ω, x) = iωΨ(0, x) − Ψ˙(0, x), where Ψ(0, x) and Ψ˙(0, x) are the initial conditions of
Ψ(t, x). We consider Veff (x) in (3) as
Veff(x) = 2
N∑
j=1
Vjδ(x− xj), (5)
where 2Vj is the height of Delta barrier at xj , which is a simplified model of multiple barriers,
but is sufficient to catch the echo phenomenology of the setup depicted in Fig.1. Solving
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out Ψ˜(ω, x), we may get Ψ(t, x) by
Ψ(t, x) =
1
2pi
∫ ∞
−∞
Ψ˜(ω, x)e−iωtdω. (6)
We set
Ψ(0, x) = e−(x−5)
2/9, ∂tΨ(0, x) = 0, (7)
(2M = 1 for convenience) and also N = 2 in (5), i.e. Veff(x) = 2
∑2
j=1 Vjδ(x− xj) consists
of a couple of Delta barriers, and plot the corresponding ringdown waveforms Ψ(t, x) in
Figs.2, 3, 4 and 5 for different values of x1 and x2, respectively, where the height of barriers
are 2V1 = 0.5 or 1, 2V2 = 60.
We see in Fig.2 that after the primary ringdown burst a series of echoes present, as
expected, but the intervals of successive echoes seems not to equal. Here, the case is different
from that in Ref.[26], where the change of echo intervals is caused by the shift of reflective
surface or barrier. In addition, as showed in Ref.[42], when x2 is very close to x1, so that
2|x2−x1| . ∆echo, where ∆echo is the width of echo waveform, the echoes will be significantly
distorted, see Fig.3.
We see in Fig.4 that for |x2 − x1| = |x1|, the echoes reflected by Veff(x) will present at
tn − tringdown = 2n|x1|, but the echoes exhibit certain superposition and cancellation, which
occur at tn − tringdown = 2n|x1| (n > 2), so that the amplitudes of successive echoes seem
be out of order. The amplitude of echo after the superposition will be amplified. Actually,
even if |x2−x1| = |x1|, in the physical coordinate r the barrier V1 is far closer to V2 than the
barrier V BH(r). Similarly, in Fig.5, we set |x2 − x1| = 3|x1|, and see that the superposition
and cancellation occur at tn − tringdown = 2n|x1| (n > 4).
We also plot the ringdown waveforms for Veff(x) with N = 3 in Appendix A. The
waveforms are qualitatively similar to the cases with N = 2.
III. ANALYTIC STUDIES
A. Boundary conditions
It is interesting to have an insight into the echo phenomenology showed in Sect.IIA by
analytically solving Eq.(4). We first set the boundary conditions.
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FIG. 2: Ringdown waveforms with respect to t. The right panel is the magnification of the left
panel. As a comparison, the yellow curve in the right panel is the ringdown waveform with a single
Delta barrier near the horizon (|x1| = 70).
x1 = 70
x2 = 82
0 200 4  6 800
-3
-2
-1
0
1
2
3
0 100 200 300 400 500 600
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
FIG. 3: Ringdown waveforms with respect to t. The right panel is the magnification of the left
panel.
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FIG. 4: Ringdown waveforms with respect to t in the model with |x2−x1| = |x1|. The right panel
is the magnification of the left panel.
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FIG. 5: Ringdown waveforms with respect to t in the model with |x2−x1| = 3|x1|. The right panel
is the magnification of the left panel.
The wave Ψ˜ should obey the outgoing wave condition
Ψ˜ ∼ eiωx (8)
as x → ∞. As imagined in Sect.II, the physics of GR BH has been modified at r < r1
(equivalently x < x1 in the tortoise coordinate). However, in despite of what the potential
barrier Veff(x) looks like, one always may regard the surface at x1 as an effective boundary,
near which Ψ˜ should satisfy [23]
Ψ˜ ∼ e−iωx +Reff (ω)e
iωx, (9)
where Reff(ω) is the effective reflection coefficient (RC). In particular, one has Reff(ω) = 0
for the GR BH (without the barrier Veff(x)), and Reff (ω) = −e
2iω|x1| for the boundary
condition Ψ˜(ω, x1) = 0 at x1. Thus in certain sense, Reff (ω) actually encodes the internal
structure of Veff(x).
Considering that Veff(x) = 2
∑2
j=1 Vjδ(x− xj) consists of a couple of barriers, we have
R2,eff = R1 +R2T
2
1
∞∑
m=0
(R˜1R2)
m = R1 +
R2T
2
1
1− R˜1R2
, (10)
where the integer m corresponds to the roundtrip number of GW between the barriers V1
and V2. Here, for the Delta barrier with the height 2Vj(j = 1, 2 · · · ),
Rj = −
Vj
Vj − iω
e−2iωxj , R˜j = −
Vj
Vj − iω
e2iωxj , Tj = −
iω
Vj − iω
. (11)
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Rj is the RC of a single barrier Vj for the wave incident from right, while R˜j is that from
left, Tj is the TC of a single barrier Vj . Thus we have
R˜1R2 =
(
V1
V1 − iω
)(
V2
V2 − iω
)
e2iω(x1−x2). (12)
Considering that Veff(x) = 2
∑3
j=1 Vjδ(x− xj), i.e.3-Delta barrier, we have the effective
RC R3,eff as
R3,eff = R2,eff +
R3T2,eff
1− R˜2,effR3
, (13)
where R2,eff is the effective RC (10) of 2-Delta barriers, R˜2,eff is that for the wave incident
from left, and R3 is the RC of a single Delta barrier at x3, see (11), T2,eff is the effective
TC, see Appendix B for the expressions of R˜2,eff and T2,eff . In Appendix B, we also verified
Eqs.(10) and (13).
The system with 3-Delta barriers actually corresponds to that with 2-barrier (the barriers
V3 and V2,eff). Thus with the replacements R1 → R2,eff , T1 → T2,eff and R2 → R3 in
Eq.(10), we will immediately get Eq.(13). It is not difficult to straightly write out the
effective RC of j-Delta barriers
Rj,eff = R(j−1),eff +
RjT
2
(j−1),eff
1− R˜(j−1),effRj
. (14)
Thus with (11) and the recursive relationship (14), the full result of the effective RC RN,eff
of N -Delta barriers may be worked out.
Physically, Eq.(4) is equivalent to[
∂2
∂x2
+ ω2 − V BH(x)
]
Ψ˜(ω, x) = I, (15)
with the boundary condition (8) and (9), where Veff(x) (related with the near-horizon
physics of BH) in (3) has been encoded in Reff(ω).
B. Review on the Dyson series method
To analyse the ringdown waveforms, we will apply the Dyson series method proposed in
Ref.[27]. Here, we briefly review it.
Defining the operator A = ∂
2
∂x2
+ ω2, we have A−1Ψ˜ =
∫
g(x, x′)Ψ˜dx′, where Green’s
function g(x, x′) satisfying the boundary conditions (8) and (9) is
g(x, x′) =
eiω|x−x
′| +Reffe
iω(x+x′)
2iω
. (16)
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Here, Reff is the effective RC of Veff(x), and for a couple of Delta barriers, Reff equals to
R2,eff in Eq.(10). According to (16), g(x, x
′) may be separated into g = gO + ReffgR,eff
with
gO(x, x
′) =
eiω|x−x
′|
2iω
, gR,eff(x, x
′) =
eiω(x+x
′)
2iω
, (17)
which correspond to that of open system without Veff(x) and that reflected by Veff(x),
respectively. As a result, we have A−1 = A−1O +A
−1
R,eff with
A−1O Ψ˜ =
∫
gO(x, x
′)Ψ˜dx′, A−1R,effΨ˜ = Reff
∫
gR,eff(x, x
′)Ψ˜dx′, (18)
We rewrite Eq.(15) as Ψ˜ = A−1I +A−1Vˆ BHΨ˜, which is
Ψ˜ =
(
A−1O +A
−1
R,eff
)
I +
(
A−1O +A
−1
R,eff
)
Vˆ BHΨ˜. (19)
The Dyson series solution of Eq.(19) is
Ψ˜ = Ψ˜O +
∞∑
n=1
Ψ˜n (20)
with
Ψ˜O =
∞∑
p=0
(
A−1O Vˆ
BH
)p (
A−1O I
)
, (21)
Ψ˜n =
∞∑
p=n
∑
{p,n}
(
A−1O
)p−n (
A−1R,eff
)n (
Vˆ BH
)p−1
I, (22)
where the sum
∑
{p,n} only includes all distinct possibilities of ordering n A
−1
R,eff in p spots.
We actually have the infinite number of Dyson series with the barrier V BH at the photon
sphere. Here, Ψ˜O is the waveform of open system without the effective barrier Veff , which
is irrelevant with A−1R,eff , while the “reflected” waveform Ψ˜n ∼ (A
−1
R,eff)
n ∼ Rneff , where n
is the roundtrips number of wave between the barriers Veff(x) and V
BH(x). The formal
solution (22) is actually equivalent to
Ψ˜n(ω, x) = R
n
eff
∞∑
p=n
∫ ∑
{p,n}
gR,eff(x, x
′
1) · · · gR,eff(x
′
n−1, x
′
n)
gO(x
′
n, x
′
n+1) · · · gO(x
′
p−1, x
′
p)V
BH(x′1) · · ·V
BH(x′p−1)I(ω, x
′
p)dx
′
1 · · · dx
′
p, (23)
which is a multiple integrals.
We will only be interested in the waveform Ψ˜n. The GR barrier V
BH at the photon
sphere must be speculated to calculate Ψ˜n. However, it is not required for our analysis.
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Here, we assumed V BH = 2V0δ(x) for simplicity (but without loss of physics we care).
Now, the multiple integrals in (23) may be reduced to one integral only for x′p = x
′. The
corresponding Ψ˜n has been calculated in Ref.[27],
Ψ˜n(ω, x) = R
n
eff
∫
dx′I(ω, x′)
[
Rn−10
eiω(x+x
′)
2iω
+Rn+10
eiω(|x|+|x
′|)
2iω
+Rn0
eiω(x+|x
′|) + eiω(x
′+|x|)
2iω
]
,(24)
where
R0(ω) = −
V0
V0 − iω
(25)
is the RC of a single Delta barrier at x0 = 0, see (11).
C. Mixing of echoes
We will analyse the mixing of echoes with N = 2 in (5), i.e. 2-Delta barriers, as example.
The cases with N > 3 are similar.
According to Eq.(24), the late-time ringdown waveform is closely related with Rneff . With
(11), we rewrite Reff in Eq.(10) as
Reff = R1
[
1 +
(
iω
V1
)2 ∞∑
m=1
(R˜1R2)
m
]
. (26)
We have
Rneff =R
n
1
n∑
k=0

 n
k

(iω
V1
)2k [ ∞∑
m=1
(R˜1R2)
m
]k
=Rn1
n∑
k=0

 n
k

(iω
V1
)2k ∑
km≥0,
∑
m km=k
k!
k1!k2! · · · km! · · ·
∞∏
m=1
[
(R˜1R2)
m
]km
. (27)
We explain it as follows. When k = 0, all km must satisfy km = 0, so R
n
eff = R
n
1 . When
k = 1, all km6=m′ = 0 except for km′ = 1 (m
′ runs from 1 to ∞), we have
Rneff ∼ R
n
1
∑
km≥0,
∑
m km=k
∞∏
m=1
[
(R˜1R2)
m
]km
= Rn1
∞∑
m=1
(R˜1R2)
m. (28)
Similarly, when k = 2, either all km6=m′,m′′ = 0 except for km′ = 1, km′′ = 1 (m
′ 6= m′′), or
all km6=m′ = 0 except for km′ = 2.
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Combining (27) and the solution (24) of Ψ˜n, we have the n˜th echo (in the frequency-
domain) of the ringdown burst as
Ψ˜n˜(ω, x) ∼ R
n
1
∞∏
m=1
[
(R˜1R2)
m
]km
eiωx
= eiωx exp
[
−2iωnx1 − 2iω(x2 − x1)
∞∑
m=1
mkm
]
(29)
for
∑
m km = k 6 n, where R˜1R2 is showed in (12). We eventually get Ψ˜n˜(t, x) through
Ψn˜(t, x) ∼
∫
Ψ˜n˜(ω, x)e
−iωtdω. According to Eq.(29), it is found that after the primary
ringdown signal at tringdown, the n˜th echo will appear at
tn˜ − tringdown = 2

n|x1|+ |x1 − x2| ∞∑
m=1,
∑
m km=k6n
mkm

 . (30)
When m = 0, we have tn˜ − tringdown = 2n|x1|, the ordinal number n˜ = 1, 2, 3 · · · of echoes
coincides with n, which is just the well-known result [3] in single barrier model. The case
with the multiple barriers is different. We see that for a fixed n, a series of “echoes” (so-called
the sub-echo) of the nth echo will also present with the intervals
∆tk,km = 2|x1 − x2|
∞∑
m=1,
∑
m km=k6n
mkm (31)
after the nth echo. Thus the ordinal number n˜ = 1, 2, 3 · · · of echoes will be arranged by
not only n, but k, m, x1 and x2. This suggests that the echoes are mixing.
The first (n˜ = 1) echo presents at t1 − tringdown = 2|x1|, which corresponds to k = 0
(all km = 0) for n = 1 in Eq.(30). When |x1 − x2| < |x1|, the second (n˜ = 2) echo will
present at t2 − tringdown = 2|x1| + 2|x1 − x2|, which corresponds to k = 1 (all km = 0
except for k1 = 1) for n = 1 and actually is the sub-echo of the (n = 1)th echo. Its second
sub-echo is at t − tringdown = 2|x1| + 4|x1 − x2|, which also corresponds to k = 1 but all
km = 0 except for k2 = 1, see Fig.2 in Sect.IIB. Moreover, if |x1 − x2| ≪ |x1|, we will have
t2−tringdown ≃ t1−tringdown (the barrier V2 is very close to V1, so that 2|x2−x1| . ∆echo), the
first echo will be significantly affected by its sub-echo, and distorted, as found in Ref.[42],
see also Fig.3 in Sect.IIB.
Generally, it is hardly possible that the amplitude (∼ |R1|
2) of echo with n = 2 is larger
than that (∼ |R1|) with n = 1, since |R1| 6 1. Thus in the single barrier model, the
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amplitudes of successive echoes drop sequentially. However, when the multiple barriers are
considered, the case is altered. It is possible that the amplitude An˜=2 ∼ |R2T
2
1 | of the
second echo is larger than An˜=1 ∼ |R1|. We plot An˜=2 and An˜=1 with respect to ω in Fig.6,
respectively, and see that An˜=2 > An˜=1 is possible, if V2 > V1.
V2 = 10
V2 = 1
V2 = 0.25
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0

	

1
ω
FIG. 6: The blue curve is the amplitude An˜=1 of the first echo with V1 = 0.25, and the others are
An˜=2 with V1 = 0.25, V2 = 0.25, 1, 10, respectively.
Another possibility causing the anomalies of echo amplitudes is that if
n|x1|+ |x1 − x2|
∞∑
m=1,
∑
m km=k6n
mkm = n
′|x1|+ |x1 − x2|
∞∑
m′=1,
∑
m′ k
′
m′
=k′6n′
m′k′m′, (32)
the echoes with different n will superpose each other. The superposition of echoes is the
unique phenomenon happening only in the multiple barriers models.
In Fig.4 of Sect.IIB, where |x1| = |x1 − x2|, we see that the second echo presents at
t2− tringdown = 4|x1|, which is just the superposition of the (n = 2)th echo with the sub-echo
(n′ = 1, k′ = 1, all k′m′ = 0 except for k
′
1 = 1) of the (n = 1)th echo. And so on, the third
echo presents at t3− tringdown = 6|x1|, which is the superposition of the (n = 3)th echo with
the sub-echo (n′ = 2, k′ = 1, all k′m′ = 0 except for k
′
1 = 1) and the sub-echo (n
′′ = 1, k′′ = 1,
all k′′m′′ = 0 except for k
′′
2 = 1).
IV. DISCUSSION
Quantum gravity physics, invoked by the information paradox of BH, might result in some
microstructure at the near-horizon regime of BH, which may reflect GWs. The GW echoes,
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if they exist, will be a promising probe of such physics, which has excited the searching for
the echo signals in GW data.
However, the potential physics responsible for the GW echoes is actually unknown, which
is still in the exploration, so the echo phenomenology might be not so simple as expected.
Inspired by Ref.[42], we show that if the near-horizon regime of BH is modelled as a multiple-
barriers filter with different spacings between barriers, the GW ringdown waveform of post-
merger BH will exhibit the mixing of echoes, even the superpositions. As a result, the echo
amplitudes might not drop sequentially.
Though the post-merger BH we considered is a nonspinning BH, extending it to the Kerr
BH is straight. The effect of ergoregion in Kerr BH on the GW echoes has been studied
in Refs.[44, 45]. In addition, it is interesting to present a full “template” of the ringdown
waveforms with the mixing and superpositions of echoes, along the line in Refs.[29]. It is
also interesting to check what a stochastic GW background such echoes will result in, which
might be also substantially detectable [46].
It is actually possible to find the GW echoes, as more and more GW events with higher
signal-to-noise ratio are detected [4]. Our work suggests that the echo phenomenology related
with the potential physics might be far richer than expected, so identifying relevant signals
will be a more challenging task.
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Appendix A: The echo waveforms for N = 3
We plot the echo waveforms for Veff(x) with N = 3 in this Appendix.
Appendix B: The effective RC for N = 2, 3
In this Appendix, we will briefly verify Eqs.(10) and (13).
We consider N = 2 first. The Delta barriers at x1 and x2 divide the x-space into the
regions I, II, III. The waves Ψ˜I = e
−iωx+A1e
iωx, Ψ˜II = A2e
−iωx+A3e
iωx and Ψ˜III = A4e
−iωx
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FIG. 7: Ringdown waveforms with respect to t. The right panel is the magnification of the left
panel. As a comparison, the yellow curve in the right panel is the ringdown waveform with a single
Delta barrier near the horizon (|x1| = 70).
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FIG. 8: Ringdown waveforms with respect to t in the model with |x3−x1| = |x2−x1| = |x1|. The
right panel is the magnification of the left panel.
in corresponding regions must satisfy
e−iωx1 + A1e
iωx1 = A2e
−iωx1 + A3e
iωx1 , (B1)
A2e
−iωx2 + A3e
iωx2 = A4e
−iωx2 , (B2)
− iωe−iωx1 + iωA1e
iωx1 + iωA2e
−iωx1 − iωA3e
iωx1 = 2V1
(
e−iωx1 + A1e
iωx1
)
, (B3)
− iωA2e
−iωx2 + iωA3e
iωx2 + iωA4e
−iωx2 = 2V2A4e
−iωx2 , (B4)
at x1 and x2. The effective RC is
R2,eff = A1 =
V2(V1 + iω)e
−2iωx2 − V1(V2 − iω)e
−2iωx1
(V1 − iω)(V2 − iω)− V1V2e2iω(x1−x2)
, (B5)
R˜2,eff =
V1(V2 + iω)e
2iωx1 − V2(V1 − iω)e
2iωx2
(V1 − iω)(V2 − iω)− V1V2e2iω(x1−x2)
, (B6)
14
while the effective TC is
T2,eff = A4 =
−ω2
(V1 − iω)(V2 − iω)− V1V2e2iω(x1−x2)
. (B7)
Thus with (11), we straightly have
R1 +
R2T
2
1
1− R˜1R2
= −
V1
V1 − iω
e−2iωx1 +
− V2
V2−iω
(
−iω
V1−iω
)2
e−2iωx2
1−
(
V1
V1−iω
)(
V2
V2−iω
)
e2iω(x1−x2)
=
(
−
1
V1 − iω
)[
V1e
−2iωx1 +
V2(−iω)
2e−2iωx2
(V1 − iω)(V2 − iω)− V1V2e2iω(x1−x2)
]
= R2,eff , (B8)
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FIG. 9: |R2,eff |
2 and |T2,eff |
2 with parameters V1 = V2 = 0.5, x1 = −10 and x2 = −20 .
Similarly, the effective RC for N = 3 is
R3,eff =
P
Q
(B9)
where
P = −V1(V2 − iω)(V3 − iω)e
−2iωx1
+ V2(V1 − iω)(V3 − iω)e
−2iωx2 − V3(V1 + iω)(V2 + iω)e
−2iωx3 + V1V2V3e
2iω(x2−x1−x3),
(B10)
Q = (V1 − iω)(V2 − iω)(V3 − iω)
− V1V2(V3 − iω)e
2iω(x1−x2) + V1V3(V2 + iω)e
2iω(x1−x3) − V2V3(V1 − iω)e
2iω(x2−x3). (B11)
15
Considering (B5), (B6) and (B7), we have
R2,eff +
R3T
2
2,eff
1− R˜2,effR3
=
V2(V1 + iω)e
−2iωx2 − V1(V2 − iω)e
−2iωx1
(V1 − iω)(V2 − iω)− V1V2e2iω(x1−x2)
+
(
− V3
V3−iω
e−2iωx3
) [
−ω2
(V1−iω)(V2−iω)−V1V2e2iω(x1−x2)
]2
1− V1(V2+iω)e
2iωx1−V2(V1−iω)e2iωx2
(V1−iω)(V2−iω)−V1V2e2iω(x1−x2)
(
− V3
V3−iω
e−2iωx1
)
=
[V2(V1 + iω)e
−2iωx2 − V1(V2 − iω)e
−2iωx1]Q− ω4V3e
−2iωx3
[(V1 − iω)(V2 − iω)− V1V2e2iω(x1−x2)]Q
= R3,eff . (B12)
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FIG. 10: |R3,eff |
2 and |T3,eff |
2 with parameters V1 = V2 = V3 = 0.5, x1 = −10, x2 = −20 and
x3 = −30.
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